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A COMPARISON OF NONCOHERENT AND COHERENT MTI's

INTRODUCTION

Noncoherent moving target indication (MTI) differs from coherent MTI in that the MTI process-
ing is performed at video after an envelope or square law detector [1-51. In the coherent MTI, process-
ing is done at IF or more commonly in the complex video inphase I and quadrature Q channels.

The noncoherent MTI is similar in many ways to the coherent MTI but differs in some important
respects. With the noncoherent MTI, if the pulse-to-pulse changes in the amplitude of the clutter
return are small, the clutter will be heavily attenuated by the MT! filter following the envelope detector.
Since the phase of the clutter is not used, the noncoherent MTl is capable of centering the cancellation
notch on clutter having a nonzero average radial velocity. In the presence of clutter, a target having a
different radial velocity from that of the clutter will cause pulse-to-pulse amplitude variations and the
target plus clutter signal will not be as heavily attenuated by the MT! filter. Since the target signal is
clutter referenced it will be canceled in the absence of clutter unless the target scintillates.

An examination of the existing literature indicated that little analytical work has been performed
on the noncoherent MTI, particularly based on the envelope detector which is of interest in this report.
Prior work [3,41 considered the envelope detector to behave approximately as a square law detector and
based the results on arguments relating to the spectral characteristics of the clutter signal after a square
law detector.

In this report, a statistical approach is taken, in both the analysis and the Monte Carlo simula-
tions, which is not based on any spectral approximations. Clutter attenuation and improvement factors
based on generalized definitions are computed and compared to the coherent MTI.

It is shown that the common assumption that the clutter standard deviation is increased by a fac-
tor of v is not valid for the noncoherent MTI using an envelope detector for values of the correlation
coefficient which are required for good MT! performance. The factor of ,4- spectral spread is attributed
by other investigators to the alleged square law behavior of the envelope detector which results in a
self-convolution of the clutter power spectral density which exists prior to the envelope detector.

COMPARISON OF COHERENT AND NONCOHERENT MTI

Cehemt MTI1

First we consider the clutter attenuation for a two-pulse coherent MTI. The successive clutter
returns are designated by the complex video vectors consisting of the I and Q values, or equivalently
the amplitude and phase which are computed from (12 + Q2 )112 and tan-I(Q/) respectively.

For a two-pulse canceler the complex residue signal is
R - C,- C2  (I)

where C, and C2 are successive complex clutter return signals from a given range cell separated in time
by the interpulse period T

Manuscript submitted February 17, 1"2.



KRETSCHMER. LIN. AND LEWIS

The average residue power Co is taken to be

Co I - I C - C212  (2)

- (C,- C2)(C,- C2)

- Io12 + IC2 - 2Re CC2.

The cross correlation term Re C1 C2 may be determined from the I and Q components

Re CC2 - Re (CI + jCQ)(C 2, - jC 2Q) (3)

- ClC 21 + CIQC2Q - 2po.

where it is assumed that the I and Q components of each clutter return have the same variance 0& and
each have the same correlation coefficient p. Substituting Eq. (3) in Eq. (2) results in

Co - IR 12 _ 4cr' - 4cr 2 - 40,2(1 -P). (4)

Letting the input clutter power be

1 2 - IC212- 202, (5)
the clutter attenuation or cancellation ratio is

CR - - - (6)
Co 20 - p)

This result may be generalized in terms of matrix notation as follows. Let W denote the column
matrix of weights applied to the successive clutter samples C and let M, denote the covariance matrix
of the clutter which is given by

C- C (7)
where C' denotes the complex conjugate of the transposed matrix C. Letting T denote the transpose
operation, the residue power is

Co - (WTC)(WTC)

-- WTC C' W - w TMWa. (8)

Applying Eq. (8) to the two-pulse canceler example described above, we have

C0 - (1-1) j2a.2p 2cr2 4_ r2(1 - p)

which agrees with Eq. (4).

The clutter cancellation ratio may be expressed in general form as

2ar2CR- (9)
WTM, Wo

The MTI improvement factor I is determined by the ratio of the output target-to-clutter ratio
divided by the input target-to-clutter ratio where the input target is averaged over all velocities if no a
priori knowledge is available. The average target response, or target enhancement factor, is equivalent
to normalizing the filter response to white noise so that the output noise power is equal to the input
noise power. It follows that

2
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To-o Toll C,,.-I c. -Fi. I I o

- (WTW*) - (CR) - 2a2( WTW )  (10)

WTM' W*
where we have made use of Eq. (9) and the fact that the white noise response of the filter is given by
WTW..

Noncohert MT!

For the two-pulse noncoherent MTI, the output clutter residue is

R - IC1I - IC21 (11)
and the output clutter power is

Co- y- (Ic, I - IC21)2  (12)

- 1C112 + C2
2 - 2CITC 2 .

From Refs. 6 to 8 the cross-correlation term is given by

TC111C 21 _ 20,2 M 2F, (-1/2, -1/2, 1, p2) (13)4
where 2F (a. b, c, x) is the Gaussian hypergeometric function [61 given by

AF(a, b, c, x) _ I + _jb x + a(a + )b(b + 1) x2

cl! c(c + I02! ..

In particular, we have

2F (-1/2, -1/2, 1, p2) _1 + I¥ 2 + -L P4 + L P+... (14)
4 64 256

References 6 to 8 use an identity given in Ref. 9 as

2F (-1/2, -1/2, 1, p 2) _ 4 E(p) - 2(1 - p2) K(p) (15)

where K and E are complete elliptic integrals of the first and second kinds respectively. These func-
tions are tabulated in Ref. 10 and are also available as a subroutine on the NRL ASC digital computer
where they are defined in terms of p2 and are designated as E(p2) and K(p 2). Incorrect usage of these
tabulated values leads to erroneous results. To be consistent with the literature we retain the notation
of E(p) and K(p).

From Eqs. (12), (13), and (15), the resultant output clutter is

Co- 4f2 [I - ir/4 2F1 (-1/2, -1/2, 1, p2)]

- 4a.21I - 1E~) -(1 -,p2) K (p)I (16)

which may be written more compactly as

Co - 42[I - F(p)] (17)
where.

F(p) - 2F, (-1/2, -1/2, 1, p2)

M E(p) - -=Zl- K(). (18)

3
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Comparison of Eq. (17) with the expression for the coherent MTI in Eq. (4) shows the expressions are
the same if one interchanges p and F(p). This result generalizes for higher order cancelers so that for
the noncoherent canceler the output clutter may be expressed in a similar way to Eq. (8) as

co - WTMN W" (19)

where MN is the covariance matrix of the noncoherent MTI which is the same as M, in Eq. (8) except
that p is replaced by F(p). In either case, it is noted that p is a function of time separation which is
equal to the Fourier transform of the clutter power spectral density and is dependent on the interpulse
intervals.

From the previous results, the cancellation ratio for the noncoherent MTI is given by

CR - 2a2 (20)
WTMN W.

A discussion of the improvement factor for the noncoherent MTI is deferred to later in this section.

Comparison of Cancellation Ratios

At this juncture, we compare the cancellation ratios of the coherent and noncoherent MTI for a
clutter spectrum which is assumed to be Gaussian and given by

1 e-.12/12
e(f) - (21)

where a, denotes the standard deviation of the clutter spectrum. The correlation function p(7) is the
Fourier transform of G (f) and is given by

p(7) - e2w12 (117) 2  (22)

where r is the time delay variable.

A useful relationship for the Gaussian spectrum is that

p(kT) - p( ')]k2.  (23)

By use of Eq. (8) and Eqs. (20) through (23), the cancellation ratio was computed for the
coherent and noncoherent MTI and the results are shown in Fig. 1 for various order cancelers where
the standard binomial weighting was used. In Fig. I the abscissa denotes the spectral width a s which is
normalized to the pulse repetition frequency (prf). Figure 1(a) shows the comparison for the two- and
three-pulse cancelers, and Fig. 1 (b) shows the comparison for the four- and five-pulse cancelers.

For the two-pulse canceler, it is shown that the noncoherent MTI is approximately 3 dB better
than the coherent MTI in contrast to prior beliefs. Skolnik [11 noted this result by use of a simple vec-
tor relationship. A more detailed derivation using vectors is given in the appendix. For higher order
cancelers the noncoherent clutter attenuation is seen in Fig. 1 to be generally worse than the coherent

* MTI except for the three-pulse canceler whose curves cross over for o.s/prf approximately equal to
0.07.

The clutter attenuation of the coherent and noncoherent MTI's was also simulated on a digital
computer using Monte Carlo techniques, which are described later, and excellent agreement was
obtained.

4
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(a) 2- and 3-pulse canceler and (b 4- and 5-pulse canceler.

At first glance, it may appear strange that the clutter attenuation curves for the coherent MTI
cross over as shown in Fig. 1. However, since the improvement factor given in Ref. 10 asymptotically
approaches unity the clutter attenuation cannot become less than the reciprocal of the target enhance-
ment factor. This also follows from the relation

lim CR -lim (24)22
P-0 P-

0 WTMc W - 2o,2 WTW* WTW. 24

where we have made use of the fact that Mc approaches 2a.2 times the identity matrix as p approaches
0.

Spectral Spreading Evaluation

Next, we examine the relationship between the coherent and noncoherent cancelers in terms of a
spectral spreading factor. That is, for a given ao,/prf in Fig. 1 and the associated noncoherent clutter
attenuation, we find the multiplicative factor for a,,/prf which results in the corresponding coherent
canceler having the same cancellation ratio as the noncoherent canceler.

This is plotted in Fig. 2 where it is seen that there is no simple relationship which may be stated
in regard to the spectral spreading factor.

It was previously shown that the clutter output power of the coherent or noncoherent MTI filters
can be computed from Eqs. (8) or (19), where the difference lies in the covariance matrices M, and
MN. As previously described, the difference between the matrices is that p in the coherent covariance
matrix is replaced by F(p) given by Eqs. (18) and (14) as

F(p) - - 2F, (-1/2, -1/2, 1, p2).
4

W- + e_+ e + 256

From this expansion several observations may be made. First, the envelope detector corresponds
to an expansion in even powers of p. Also, the only term which can be identified with a square law
detector is the p2 term, which corresponds to a convolution of the power spectral densities in the fre-
quency domain. It is found that in the region of interest where good MTI performance is obtained, p is
nearly unity and even using as many as the first three terms of the expansion yields inaccurate results
for the envelope detector case. Note that the spectrum corresponding to F(p) consists of a summation

5
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Fig. 2 - Spectral spreading factor for noncoherent MTI using
an envelope detector

of Gaussian terms having unequal variances and that the resultant spectrum is non-Gaussian, in con-
trast to the output spectrum of the square law detector. Hence, the spectral spreading factor is an
equivalence only in terms of the resultant value of the cancellation ratio.

Improvement Factor Comparison

Because of the nonlinearity of the envelope detector in a noncoherent MTI system it is not
appropriate to separately determine the doppler-averaged target response and the clutter attenuation and
combine these factors as was discussed for the coherent MTI whose improvement factor was given by
Eq. (10). To circumvent this problem we define the output target-to-clutter power ratio as

TO . (T+C)0 -C 0  (25)
Co CO

The improvement factor using the generalized definition becomes

(T + C)0-CO C0 (C0 - (26)

where the averaging is over all target velocities.

Due to the nonlinearity of the noncoherent MTI, the improvement factor will in general be
dependent on the in ut taM et-to-clutter ratio. In Ref. 7 an approximate relationship is derived which
gives the value of ICJtIC21, needed for the noncoherent MTI, for the small target-to-clutter ratio.
However, this relation was found to be unsatisfactory since for a zero target-to-clutter ratio the expres-
sion reduces to the expression containing the first three terms of the Gaussian hypergeometric function
which is not sufficiently accurate for values of p near unity. Therefore, computer simulations were per-
formed using Monte Carlo techniques. For the different order cancelers successive clutter samples,

I6
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corresponding to the returns from a given range cell on successive sweeps, were generated on the com-
puter. The correlation between successive sweeps was specified, and the MTI residue was computed for
each trial consisting of N sweeps for an N-pulse MTI. Three thousand independent trials were run, and
the residues were averaged for each case.

On each trial the first return was taken to have a Rayleigh distributed amplitude and a uniformly
distributed phase, and successive returns were correlated with the first return. This was achieved as fol-
lows. The first clutter sample was generated from two independent Gaussian distributions associated
with the l and Q components of C1 , with each distribution having a mean of 0 and a variance equal to
o"2. The next clutter sample was obtained from a distribution C; which had a correlation of p(T) with
C1 . For a three-pulse canceler, for example, a third clutter sample was taken from the distribution C;
which had a correlation p (T) with C2 and p (2 T) with C, which we renamed C;. Thus in the primed
coordinates the distributions are mutually correlated complex Gaussian distributions that are normalized
to have zero mean and a variance of a.2 in both the I and the Q components.

The above remarks may be summarized in mathematical terms for the three-pulse example as

Ci - all C,

C2 - a C, + a22 C2

C; - a31 C1 + a32 C2 + a33 C3  (27)

where

all - 1, a 22 - 1 - p 2(T)]V2,

a 2 1-p(T), a32-P(T) [I P (2TN
a 22

a31 - p(2T), a33 - [1 - p 2(2T) - a32 ]"2 .

The MTI was then simulated by applying the binomial weighting to the complex C samples, or to
the amplitude of the C' samples, for the coherent and noncoherent cases respectively. For different
values of p(T), 3000 independent trials were run and the output residue powers were averaged. The
cancellation ratios were computed for the two casc, where the input clutter power for each was taken
as the average of the input (12 + Q2) value which is 20, 2. The output clutter power for the coherent
case was taken as the average residue, again computed from (12 + Q2). averaged over the 3000
independent trials. The noncoherent residue power was computed by averaging the square of the resi-
due. Thus, both systems are computed with common input and output terminals.

The target signal was added to the clutter signal with a random initial phase angle and a specified
phase shift corresponding to the target's doppler. The average target output power as determined from
the generalized definition (Eq. (25)) was determined for 10 different target velocities uniformly spaced
across the prf interval. Excellent agreement was obtained with the known improvement factor for the
coherent MTI case. The results for the coherent and noncoherent MTI are plotted in Fig. 3 for an
input clutter-to-target ratio of 20 dB. The results were nearly the same for all clutter-to-target ratios
above 10 dB. It is seen that the improvement factors for the two-pulse canceler are nearly the same
while the noncoherent MTI improvement factor degrades relative to the coherent MTI as the number
of pulses increases. A comparison with the improvement factor computed from the relation in Stein-
berg (31, for a square law device, is shown in Fig. 4 where it is seen that the improvement factor for
the square law detector is equal to or greater than that for the envelope detector. In Fig. 5, the target
enhancement factor of the simulated noncoherent MTI is compared with the coherent MTI for a
clutter-to-target ratio of 20 dB. It is seen that the noncoherent MTI target enhancement factor is
approximately 3 dB less than that for the coherent MTI.

7
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SUMMARY AND CONCIUSIONS

A comparison between a coherent MTI and a noncoherent MTI using an envelope detector has
been made based on statistical analysis and on computer simulations using Monte Carlo techniques.
This approach differs from prior investigations which base the results on the envelope detector behav-
ing approximately as a square law detector from which it is argued that the standard deviation of the
power spectral density of the clutter is increased by Vf due to the self-convolution of the clutter spec-
tra.

The results of the analysis in this report indicate that in general, the envelope detector cannot be
regarded as a square law detector which increases the standard deviation of the clutter spectrum by Vi2.
The equivalent spectral spread was found to depend on the number of pulses used in the MTI as well
as on the correlation of ,he returned clutter signals. It was noted that the spectrum after envelope
detection is not Gaussian since the correlation function consists of higher order terms than p2 which
cannot be ignored. Thus, the equivalent spectral spreadins of the input Gaussian clutter spectrum prior
to envelope detection is an equivalency only in terms of the value of the cancellation ratio. It was also
found that the clutter attenuation for the two-pulse noncoherent canceler using an envelope detector is
3 dB better than the clutter attenuation for the coherent canceler in contrast to some prior conceptions.

In terms of improvement factors, it was found that the two noncoherent MTI's and the coherent
MTI are nearly the same for the two-pulse canceler. As the number of pulses increases, the improve-
ment factors become more unequal. The coherent MTI has the largest improvement factor, followed
in order by the square-law and envelope detector MTI's.
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Appendix

APPROXIMATE CLUTTER RESIDUES FOR A TWO-PULSE
CANCELER USING VECTOR RELATIONS

Letting C, and C2 denote independent complex Gaussian variables having 0 mean and a variance
of 0, 2 for the l and Q components, we make the linear transformation

C; pC1 + (I - p2)112C2 - pC, + dC2  (Al1)
where d - (I - p 2)112. Then C; and C; are also Gaussian random variables whose correlation is p and
whose mean and variance are the same as for C, and C2.

We next consider the residue vector of a two-pulse coherent MTI given by

R - Ci - C;. (A2)

These relations are shown in Fig. Al. The average residue power using Eqs. (Al) and (A2) is then

IRP - (I - p) 2 IIll+ d 2 IC2).

Fig. Al - 2-pulse MTI vector relations

(I - p) 2  C 1-( )12  C2

which is small compared to the term

d2 (I p2) 2=2

so that

IR 12 24 2(20! 2) 4 4o2(1 -p) (3

in agreement with Eq. (4).

10
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For the noncoherent MTI the term dC 2 may be regarded as being comnposed of inphase and qua-
drature components relative to Cj and since the orthogonal component contributes little to the ampli-
tude of (';. we approximate the vector length of C; as

I2 I Ic I + ±7 21

so that

72 (I C; I - I C; I)l j(I - p)2 + -9I2a2

22

Comparison of Eqs. WA) and (A4) shows that the residue clutter power of the two-pulse noncoherent
MITI is 3 dB less than that for the coherent MTI.
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